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1 Introduction
$X$ $n$ $w_{+},$ $w_{-}$ $X\cross X$
$(a, b)$ $w_{\pm}(a, b)$ $W\pm$ $0$ Hadamard




(iv) $a,$ $b,$ $c\in X$
$\sum_{x}w_{+}(a, x)w_{+}(x, b)w_{-}(x, c)=\sqrt{|X|}w_{+}(a, b)w_{-}(b, c)w_{-}(a,c)$
$J$ 1 $I$
$v(L)$ Partition function
$Z(L)= \sqrt{n}^{-v\{L)}\sum_{\sigma}\prod_{\langle\alpha,\beta)}w_{\epsilon(\alpha,\beta)}(\sigma(\alpha), \sigma(\beta))$ ,
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$(\alpha, \beta)$ $X$ .










partition function diagram type II, III Reidemeister
move -
V. F. R. Jones
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(iii) $a,$ $b,$ $c\in X$
$\sum_{x}w_{+}(a, x)w_{+}(x, b)w_{-}(x, c)=\sqrt{|X|}w_{+}(a, b)w_{-}(b, c)w_{-}(a, c)$ .
Jones spin model $(W_{+}, W_{-})$
generalized spin model $(-W+’-W_{-})$
$S_{1}^{\pm}(a,b,c)= \sum_{x}w_{\pm}(a,x)w_{\pm}(x, b)w_{\mp}(x,c)-$ 7w\pm (a, $b$) $w_{\mp}(b,c)w_{\mp}(a,c)$ ,
$S_{2}^{\pm}(a,b,c)= \sum_{x}w_{\pm}(x,a)w_{\pm}(x, b)w_{\mp}(c,x)-\sqrt{n}w_{\pm}(a,b)w_{\mp}(b,c)w_{\mp}(c,a)$,
51
$S_{3}^{\pm}(a, b, c)= \sum_{x}w_{\pm}(a, x)w_{\pm}(x, b)w_{\mp}(c, x)-\sqrt{n}w_{\pm}(a, b)w_{\mp}(c, b)w_{\mp}(c, a)$,
$S_{4}^{\pm}(a, b, c)= \sum_{x}w_{\pm}(a, x)w_{\pm}(b, x)w_{\mp}(x, c)-\sqrt{n}w_{\pm}(a, b)w_{\mp}(b, c)w_{\mp}(c, a)$.
Proposition 2.1 $n\cross n$ $(W+, W_{-})$ $W_{+}^{T}oW_{-}=J$ ,
$W_{+}W_{-}=nI$ $(W_{+}, W_{-})$ generalized spin model
(i) $S_{1}^{+}(a, b, c)=0$ for all $a,$ $b,$ $cEX$ ,
(ii) $S_{1}^{-}(a, b, c)=0$ for all $a,$ $b,$ $c\in X$ ,
(iii) $S_{2}^{+}(a, b, c)=0$ for all $a,$ $b,$ $c\in X_{f}$
(iv) $S_{2^{-}}(a, b, c)=0$ for all $a,$ $b,$ $c\in X$ ,
(v) $S_{3}^{+}(a, b, c)=0$ for all $a,$ $b,$ $c\in X$ ,
(vi) $S_{3^{-}}(a, b, c)=0$ for all $a,$ $b,$ $c\in X_{f}$
(vii) $S_{4}^{+}(a, b, c)=0$ for all $a,$ $b,$ $c\in X$ ,
(viii) $S_{4}^{-}(a, b, c)=0$ for all $a,$ $b,$ $c\in X$ ,
(i) generalized spin model (iii)
$w_{+}(c, a) \sum_{b}w_{-}(b, y)S_{1}^{+}(a, b, c)=$
$nS_{2}^{-}(y, c, a)$ .
$w_{-}(a, c) \sum_{b}w_{+}(b, y)S_{2}^{-}(a, b, c)=$
$nS_{2}^{+}(c, y, a)$ .
$w_{-}(b, a) \sum_{c}w_{+}(y, c)S_{2}^{+}(a, b, c)=\text{ ^{}(hS}\sim(b, a, y)$ .
$w_{-}(u, c) \sum_{b}w_{+}(b, y)S_{3}^{-}(a, b, c)=\sqrt{n}S_{3}^{+}(c, y, a)$ .
$w_{+}(b, c) \sum_{a}w_{-}(y, a)S_{3}^{+}(a, b, c)=\sqrt{n}S_{4^{-}}(c, y, b)$ .
$w_{-}(c, b) \sum_{a}w_{+}(y, a)S_{4}^{-}(a, b, c)=\sqrt{n}S_{4}^{+}(y, c, b)$ .
$w_{-}(b, a) \sum_{c}w_{+}(c, y)S_{4}^{+}(a, b, c)=\sqrt{n}S_{1}^{-}(b, a, y)$ .
$w_{-}(c, b) \sum_{a}w_{+}(y, a)S_{1}^{-}(a, b, c)=\sqrt{n}S_{1}^{+}(y, c, b)$ .
$(i)-(vi\ddot{u})$ generalized spin model (iii)




Examples. $\zeta_{m}=\exp(2\pi i/m)$ $W+$
$\zeta_{24}(\begin{array}{lll}1 1 \zeta_{24}^{16}\zeta_{24}^{16} 1 11 \zeta_{24}^{16} 1\end{array})$ ,
$(\begin{array}{llll}1 \zeta_{8} 1 \zeta_{8}^{6}\zeta_{8}^{5} 1 \zeta_{8} 11 \zeta_{8}^{6} 1 \zeta_{8}\zeta_{8} 1 \zeta_{8}^{5} 1\end{array})$ ,
$\zeta_{20}(\zeta_{1^{0}}^{1}\zeta_{2_{8}0}^{16}\zeta_{20}^{2_{16}}$
$\zeta_{1^{0}}^{1}\zeta_{2_{16}^{16}}^{20}\zeta_{20}^{8}$
$(\zeta_{20}^{2_{16}^{16}}\zeta_{1_{0}^{8}}^{1}20 \zeta_{2_{16}}^{16}\zeta_{20}^{1^{8^{0}}}\zeta_{20}^{1} \zeta_{1^{0}}^{2_{16}}\zeta_{2_{8}0}^{16}\zeta_{20}^{1})$ ,
$W_{-}$ $W_{+}^{T}oW_{-}=J$ - $(W_{+}, W_{-})$ generalized






$(\alpha, \beta)$ $\epsilon(\alpha, \beta)$
$v(Larrow )$ $(W_{+}, W_{-})$ $X$ generalized
spin model partition function
$Z(L)= \sqrt{n}^{-v(L)}\sum_{\sigma}\prod_{(\alpha,\beta)}w_{\epsilon(\alpha,\beta)}(\sigma(\alpha), \sigma(\beta))arrowarrow$, (2)
$(\alpha, \beta)$
$X$ $\sigma$
Theorem 3.1 $(W+, W_{-})$ $X$ generalized spin model (2)
partition function type II, III Reidemeister move
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4 Skein relations







(3) (4) [1] duality map
(3) (4) skein relation
$\sum_{:=0}^{r}a_{i}Z(L_{i})=0arrow$
$arrow L_{i}=$ , $Z$ normalize Section
2 skein relation
Examples. (i) $\zeta_{24}^{8}Z(L_{1})arrow+\zeta_{24}^{-8}Z(L_{-1})-arrow(\zeta_{24^{4}}-\zeta_{24}^{-4})Z(L_{0})arrow=0$ Jones
(ii) $Z(L_{3})-Z(L_{2})-\zeta_{8^{6}}Z(L_{1})arrowarrowarrow+\zeta_{8}^{6}Z(L_{0})arrow=0$
(iii) $Z(L_{3})arrow+(\zeta_{20^{6}}-\zeta_{20^{4}})Z(L_{2})arrow+(\zeta_{20^{6}}-\zeta_{20}^{4})Z(L_{1})arrow+Z(L_{0})arrow=0$
Generalized spin model invertibility
problem ( )
Lemma 4.1 (X, $W_{+},$ $W_{-}$ ) generalized spin model $P$ $W_{+}^{T}=$
$PW_{+}P^{-1}$ $Z$
$\tau$ : $\{1,2, .., n\}arrow\{1,2, ..n\}$ $P$ $\sigma$
$\alpha,$
$\beta$ $w_{\pm}(\sigma(\alpha), \sigma(\beta))=w_{\pm}(\tau\sigma(\beta), \tau\sigma(\alpha))$
$Z(L)arrow$ $=$














Example. (Pretzel $K(P_{1},$ $P_{2},$ $\cdots,$ $P_{r})$ ) $r$ $P_{1},$ $P_{2},$ $\cdots,$ $P_{r}$ $\pm 1$
$\tau$ pretzel $K=K(P_{1}, P_{2}, \cdots, P_{\ovalbox{\tt\small REJECT}})$ ,
$K_{\tau}=K(P_{\tau(1)}, P_{\tau(2)}, \cdots, P_{\tau(r)})$ $Z(K)=$
$Z(K_{\tau})$ . pretzel [4] pretzel $K$ $K_{\tau}$
ambient isotopic $\tau$ spin
model
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